Differentiation
cu)’ = eu' {c constant)

w+vy =u +v'

(we) = u'v + ur'

a dl

—= —“ % (Chain rule)
(™' =

e =¢&*

(e™)' = ae™

@*)' =a*lna

(sinx) = cosx

{cosx)’ = —sinx
{tanx)’ = sec®x
(cotx) = —csc®x

(sinhx)' = coshx

{coshx)' = sinhx

g 7
{In x} =
lo
(logy 1)’ = "
{arcsin x)’ d
Aarcsin X) = ——
'\HI_F
e e
1
{arctan x)" = i E
. 1
{arccot x) = {452

Cauchy-Riemann equations*

Uy = Uy, Uy = —Ug

el =l R e

1 1
Uy = Vo, Ur = =4 Ug

\”/E, for z # 0, has the 1 distinct values

+
Wz = {‘/7(cos £ n2k7T + isin

0 + 2k
n

Inz=Inr+ i@ (r=lz| >0, 8=argy).

Ln z (Ln with capital L) and is called the principal value of In 7. Thus

i Lnz=1Inlz| +iArgz (z # 0).

For arithmetic operations with complex numbers
(D z=x+iy= re®® = r(cos @ + isin 6),

r=lzl = Vx% + y2, 0 = arctan (y/x), and for their representation in the complex
plane, see Secs. 13.1 and 13.2.

A complex function f(z) = u(x, y) + iv(x.y) is analytic in a domain D if it has
a derivative (Sec. 13.3)

fz+ A — )

@ 7@ = Jim =

everywhere in D. Also, f(z) is analytic at a point 7 = ¢ if it has a derivative in a
neighborhood of zg (not merely at z itself).

If fiz) is analytic in D, then a(xr,y) and vix. ¥) satisfy the (very importantl)
Cauchy-Riemann equations (Sac. 13.4)
du  dv o _ o

(3) R BT R

everywhere in D. Then u and v also satisfy Laplace’s equation

4y tigy + gy =0, Ugp + Upy = 0

everywhere in D. If u(x, v) and ¢{x, y) are continuous and have coniinuous partial
derivatives in [? that satisfy (3) in D, then f(z) = w(x. ¥) + iw(x, y) is analytic in
D. See Sec. 13.4. (More on Laplace’s equation and complex analysis follows in
Chap. 18.)

The complex exponential function (Sec. 13.5)

(5) e =expz = ¢ (cosy + isiny)

reduces to e® if = x(y = 0). It is periodic with 27 and has the derivative ¢
The trigonometric Tunctions are (Sec. 13.6)

cosz = %(e"’+£_'g}= cos x cosh y — isin x sinh y

©) ;
sing = E{e“' — ¢7¥) = sinx coshy + i cosx sinhy

and, furthermore,
tanz = (sinz)fcosz, ootz = lftanz, ete

The hyperbolic functions are (Sec. 13.6)
(T)  coshz=%e"+ e~ —cosiz. siohz=%(e* —e~%) = —isiniz
etc. The functions (5)—7) are entire, that is, analytic everywhere in the complex
plane.

The natural logarithm is (Sec. 13.7)
(®) Inz=Inlzl +iargz =lnlz| + i Argz = 2ami
where 2+ 0 and n=0,1,---. Arg 7 is the principal value of arg z, that is,
—ar <. Arg z = 7. We see that In z is infinitely many-valoed. Taking n = 0 gives
the principal value Lo 7 of In z; thus Loz = In|z| + i Arg 2.

General powers are defined by (Sec. 13.7)

@) 7 = ¢tlne {c complex, z # 0).
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